Abstract. We consider complete manifolds with asymptotically non-negative curvature which enjoy a Euclidean-type Sobolev inequality and we get an explicit lower control on the volume of geodesic balls. In case the amount of negative curvature is small and the Sobolev constant is almost optimal, we deduce that the manifold is diffeomorphic to Euclidean space. This extends previous results by M. Ledoux and C. Xia.
Introduction

A Riemannian manifold (M,
The validity of (1), as well as the best value of the Sobolev constant C M , have intriguing and deep connections with the geometry of the underlying manifold, many of which are discussed in the excellent lecture notes [5] . See also [8] for a survey in the more abstract perspective of Markov diffusion processes, and [9] for the relevance of (1) in the L p,q -cohomology theory. For instance, we note that a complete manifold with non-negative Ricci curvature (but, in fact, a certain amount of negative curvature is allowed) and supporting a Euclidean-type Sobolev inequality is necessarily connected at infinity. This fact can be proved using (nonlinear) potential-theoretic arguments; see [10] , [11] .
It is known (see e.g. Proposition 4.2 in [5] ) that
where K (m, p) is the best constant in the corresponding Sobolev inequality of R m . It was discovered by M. Ledoux, [7] , that for complete manifolds of non-negative Ricci curvature, the equality in (2) forces M to be isometric to R m . This important rigidity result has been generalized by C. Xia, [13] , by showing that, in case C M is sufficiently close to K (m, p), then M is diffeomorphic to R m . The key ingredient in the Ledoux-Xia argument is a sharp lower estimate for the growth of geodesic balls which depends explicitly on the Sobolev constant. Actually, it is known, [2] , that the validity of (1) implies that there exists a (small
However, to obtain the desired rigidity, one needs to get a sharp value for γ. In this paper, using a somewhat more geometric approach, we are able to extend this kind of estimate to manifolds with asymptotically non-negative curvature; see Theorem 1. As a consequence, using a theorem by S.-H. Zhu, [14] , we will deduce rigidity even in this more general context. 
Notation. In what follows, having fixed a reference origin
and that the Euclidean-type Sobolev inequality (1) holds on M , for some 1 < p < m. Then
where
Using Theorem 1 we shall deduce the announced topological rigidity result. Let M be an m-dimensional complete manifold supporting the Sobolev inequality (1) with C M ≤ K(m, p) + ε, for some 0 < ε ≤ ε 0 , and such that
Proof of the lower volume estimate
Recall that, in R m , the equality in (1) with the best constant
and, by the standard calculus of variations, the extremal functions φ λ obey the (non-linear) Yamabe-type equation
stands for the p-Laplacian of a given function u. Defineφ
). If we were in the assumptions of Ledoux and Xia, namely, if the Ricci curvature was non-negative, the idea of our proof would be simply to apply the Karp version of Stokes' theorem, [6] , to the vector field X λ :=φ λ |∇φ λ | p−2 ∇φ λ , once we have observed that, by (9) and the Laplacian comparison theorem, each functionφ λ on M satisfies
This would lead directly to inequality (2.2) in [13] , and the desired volume conclusion can be deduced. The strategy for the proof of the general case stated in Theorem 1 is completely similar. Clearly, this time we have to take into account the (small) perturbations of (10) introduced by the negative curvature. Note also that, due to the possible presence of cut-points, all the computations have to be performed in the sense of distributions.
Proof of Theorem 1. Let h ∈ C
2 ([0, +∞)) be the solution of the problem by φ λ,h ((s, θ) ) := ϕ λ (s). For later purposes, we recall that ( [14] , [10] ) (11) V
Furthermore, we observe that, according to the Bishop-Gromov comparison theorem and its generalizations, [3] , [10] , A (∂B t ) /A ∂B h t is a decreasing function of t > 0 and the following relations hold:
By the co-area formula, these imply that
Here dvol h stands for the Riemannian measure on M h . Now, by Laplacian comparison, [10] , assumption (4) yields 
On the other hand, according to (9) ,
for all t > 0, and inserting into (15) gives
and |∇ξ| < 2/R. Then, taking the limits as R → +∞ in (16) and recalling (13), we obtain
where we have set
By (12) and computing explicitly the integrals on R m , we get .
